1. Introduction. Let/ be a quasicompact continuous mapping of a metric space 5 onto a topological space E; that is, let/ be a mapping of S onto E such that a subset F of £ is open (closed) in £ if and only if f~l(Y) is open (closed) in S. As is well known,1 £ is then homeomorphic, in a natural way, to the hyperspace of the decomposition of 5 into the disjoint nonempty sets Fp=f~ï(p) (pEE), while conversely the hyperspace of every decomposition of 5 into disjoint nonempty sets Fp arises in this way, essentially uniquely. The object of this paper is to determine conditions under which £ will be metrizable. Results of this nature have been known for some time, particularly for the special case in which / is closed (i.e., f(X) is closed in £ whenever X is closed in S)-or, equivalently, the case in which the decomposition {Fp} is upper semi-continuous (i.e., if FpQU where U is open, there exists an open set F such that FPE V and every Fq meeting F is contained in U).2 But it seems to have escaped notice that the problem has a simple complete answer in this case (Theorem 1), without any assumptions of compactness or separability. 3 We shall also improve some known results about quasicompact images of locally compact spaces (Theorems 2 and 3), and obtain a criterion (Theorem 4) for the metrizability of E when / is open (i.e., when the decomposition is lower semi-continuous). Here the conditions we obtain are sufficient but not necessary; however, we show by examples that they are not superfluous. Finally we apply Theorem 1 to obtain a simple description of the case in which / is both open and closed (i.e., when the decomposition is continuous); it turns out that £ is then always metrizable, with a quite convenient metric.
Theorem 1. Let f be a closed continuous mapping of a metric space S onto a topological space E. Then the following statements are all equivalent :4 (i) E satisfies the first countability axiom.
(ii) For each pG-E, f~x(P) has a compact frontier (in S).
(iii) E is metrizable.
Remark. E is in any case a Tx space, for each pG-E is of the form f(x) where (x) is closed. Hence Fp=f~1(p) is closed in S, for each PEE.
It is enough to prove (i)-»(ii) and (ii)-»(iii). )) is an open set containing Fp; as Fp is closed, x*G/-1(JF»(p)), and so there exists ynGS-Fp such that ynGf~1(Wn(p)) and p(x", y") < 1/«, p denoting the distance in 5. Let Y= {yn} ; F is closed, since the sequence {yn} has no cluster point in S (else the sequence {x"} would). Hence Q=f(Y) must be closed in E. By construction, p(£Q; yet pGQ since Wn(p) meets Q in f(yn), and this contradicts the closedness of Q. (2) D« Wn(p) = (p), (3) the sets Wn(p) form a basis at p, (4) given a positive integer « and a point p oí E, there exists m such that whenever Wm(q) meets Wm(p) we have Wm(q)C.Wn(p).
By a theorem of Mrs. Frink [3] , £ will then be metrizable. Theorem 2. Let E be the hyper space of a decomposition of a locally peripherally compact metric space S into connected sets with compact frontiers; equivalently, let E=f(S) where f is a quasicompact continuous mapping such that, for each pG-E, f~l(p) is connected and Fr (f~l(p)) is compact. Then, if E is a Hausdorff space, f is closed (and consequently E is metrizable, by Theorem 1) ; further, E is then locally peripherally compact.
As before, we write Fp=f~1(p); we first prove that the decomposition {Fp} of 5 is upper semi-continuous.
Given any open set UZ^FP, cover Fr (Fp) by a finite number of open sets ¿7i, U2, • • ■ , Um such that UiCU and Fr (Ui) is compact (l^igm).
Let V=UX\JU2 \J ■ ■ ■ Ui/mUInt (Fp); then FPCVCU, and the set Fr (V), being a closed subset of Fr (Z7i)U • ■ • WFr (Um)\JFr (Fp), is compact.
, an open set containing FP; it is enough to prove that, for some «, every Fq meeting Wn is contained in V. Suppose this false; then, for each n, we obtain qn£.E such that Proof of Theorem 3. As 5 is here separable metric and locally compact, the same is true of each Fr(Fp), which is therefore acompact. By Lemma 2, £ is locally compact, and therefore regular. Also E has a countable base, by Lemma 3, and so it is metrizable.
As another immediate consequence of Lemma 3, we have:
Corollary. If f is a quasicompact continuous mapping of a separable metric space S onto a regular space E with a locally countable base, then E is separable metric.
The extension of Theorem 3 (and its corollary) to nonseparable spaces S presents unexpected difficulties. We shall see from examples ( §6) that even an open continuous image of a locally compact metric space need not be metrizable, even if it is regular (and has a locally countable base) and the sets Fr (Fp) are compact. One fairly im-A set is <r-compact if it is the union of countably many compact sets. mediate extension of Theorem 3 is as follows. Theorem 3'. Let f be a quasicompact continuous mapping of a locally compact metric space S onto a Hausdorff space E with a locally countable base, and suppose that the sets Fr (f_1(p)) are separable and that E is paracompact. Then Eis a locally compact metric space.
For the argument proving Theorem 3 here shows that each pEE has a compact neighborhood of the form f(G) where G is compact. Since £ is Hausdorff, the mapping/ restricted to G is closed; hence, by a well-known special case of Theorem 1, f(G) is metrizable. Thus £ is locally metrizable. Since £ is paracompact, £ has a locally finite covering by closed metrizable sets, and is therefore [6] Fx) ). For suppose FP=f~1(p) meets T\, say in y£FpC\Sß where S"~S\. Ii x is any point of Fp, we have xGsome S" and pGf(S,)C\f(Sß); hence S,~Sß~S\, so that xGFx.
Thus FP<ZT\ whenever Fp meets Fx, and T\ is an inverse set. It follows that the distinct sets/(Fx)
are disjoint and open, and they cover E; to prove the theorem, it will suffice to prove that each /(Fx) is separable metric, and by Lemma 1 it suffices to prove that each Fx is separable. Now let Fx denote the union of those sets SM which can be reached from Sx in at most n steps-that is, for which there is a sequence X=Xo, Xi, • • • , Xfc=/x, of the type used to define ~, with k^n. Clearly T\=TxUTlKJ ■ ■ ■ , and it is enough to prove that each Tl is separable. Suppose this true for one particular value of «. Then Fx+1 consists of F" together with those sets S" for which/(SM) meets f(Tl)-that is, for which S" meets/-*(/(F?)). By hypothesis, Tl is separable; hence so is f(Tl), and Lemma 2 now shows that/-1 (/(F")) is also separable. It can therefore meet at most countably many of the disjoint open sets S". Thus Tl+1 is a union of countably many separable sets, and is again separable. Since F" = Sx and is separable, the separability of F" follows for all w; and the theorem is proved.
Corollary. /// is an open continuous mapping of a locally compact metric space S onto a Hausdorff space E, and if for each pÇ^E the set f~l(p) is separable, then E is a locally compact metric space. (Compare Theorem 3'.) For, from the second lemma to Theorem 3, £ is locally compact, and therefore regular; now Theorem 4 applies.
Counterexamples.
The following examples show the need for the restrictions imposed in Theorems 3, 3' and 4.9 In each case, / will be an open (and so certainly quasi-compact) continuous mapping of a metric space S onto a nonmetrizable space E; the openness of/ is easily verified from the fact that E is in each case the hyperspace of a decomposition {Fp} of S which is lower semi-continuous (that is, given any open set U meeting Fp, there exists an open set VZ)FP such that every Fq meeting V meets U). In the first two examples, S is locally compact; in all three, the openness of/ guarantees that £ will have a locally countable base.
(1) For each countable ordinal a, let Ea denote the set of ordinals not exceeding a; in the usual topology, £« is a compact metric space, and we suppose it metrized with diameter <1, say with metric pa. Let 5 be the set of all ordered pairs (a, ß), where a, ß are countable ordinals and a^ß. Define a distance p on 5 by: p{ (a, ß), (a1, ß')} = pa(ß, ß') if a=a', 1 otherwise. Thus 5 is the discrete union of the spaces Ea, and is locally compact (all sets of diameter less than 1 having compact closures). The mapping/ given by f(a, ß) =ß is an open continuous mapping of S onto the space £ of all countable ordinals (in its usual topology); the corresponding decomposition is {Fg} where F$= {(a, ß)\a^ß}.
Here £ is a completely normal Hausdorff space, and is locally compact and has a locally countable base, but is not metrizable.
(2) Our second example is similar, but £ will satisfy fewer separation axioms; to compensate for this, the sets Fp will have compact frontiers. Let 7 denote the unit interval O^x^ 1, and let A, R denote respectively the sets of irrational and rational numbers in 7. For each aEA, choose one sequence {rn(a)}-»a with rn(a)ER (e.g., by using the decimal expansion). Now take S=(RXA){UA metrized as fol- though S will no longer be locally separable. Let A = set of all positive integers, G = set of all mappings g of A in N. Roughly, S will consist of N, G, a sequence of points converging to each gÇ_G, and c sequences of points (one for each g(E.G) converging to each «GA.
Precisely, we take S = GU(G X A)UAU(AX G X A), and define a metric p on S as follows : , which is open in S; hence, for each «GA, we can choose m = h(n) (say) large enough for S(«, l/(m -l))Qf~l(U), and this gives/(«, g, h(n))(E.U. This is true for all gÇ.G, and so in particular for g = /s; thus/(&, «)=/(«, h, h(n))£U, for all «GA. But if « is large enough, (h,n)GS(h, l/(«-l))C/~l(F), so that/(Â, «)GF, contradicting UC\V = 0. Thus £ is not normal, and so certainly not metrizable.10 7. Open-closed mappings. We conclude by considering the case in which the mapping / of the metric space S is simultaneously open and closed-or, equivalently, in which the decomposition {Fp} of S is continuous (i.e., both upper and lower semi-continuous).
The essential content of the following theorem is due to Wallace [8] , but Theorem 1 makes the proof very simple. 
